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Practical problem
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Preliminary conclusion

A Submodulaorienteeringproblem(coveragefunction)

A Multilinear extentioncanbe estimatedasan integralof the pointwise

product oftwo functions

A Problem is factorized iafunction dependent orthe constraints and a

function dependent a the problem: 'O _ «w(0)L (L)QU

A Functionsare complex
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General optimization idea

We areinterestedin following problem

. AW8AWQ
But we do not have access to these possibly complex functions, so we will
learn them

We also learn the dependence on the parameters which we want to optimize
0 ("Agch—|hd Hah—]| ) & & Q| [ah—]hd Hah—]")
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General optimization idea

The final optimization problem becomes

AOC i'o{\ 20(6y0 (b’Qf}J
h

Our optimization strategy:
A Learn both distributions in advance (Gaussian Processes)

A In the optimization loop use optimized quadrature points to evaluate
Integral.

A Effectively sample the parameter space using Bayesian Optimisation
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Gaussian Process

Ten samples from the GP prior 3 Ten samples from the GP posterior

Gaussiamlistribution over RKHS Analyticexactexpressiorfor posterior
after point measurements
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Bayesian quadrature

Integration without close form expression

Trapezoidalule

AN

a0 %‘*’ (Go ) Tw))
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Bayesian quadrature

Integration without close form expression

Trapezoidalule Bayesianguadrature

AN

fo(z) =sin(z +1)+1

L ADQ ® 0 (o ) "Aw)) @) Qo Lo (GRy)Q o
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Bayesian quadrature
Bayesianguadrature

Integration without close form expres| . o) et )2

Trapezoidakule

AN

. A)Q 0 (o ) "dw))
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Product of Gaussian Processes

Let& "Old (W (¢hid)) and™®@ "Of)(é( o (dﬁb)) then we are
Interested the distribution ovel&(Qgiven by its mean:

a (0 JUw[ddw] o (W (W
And covariance
6 (chw) O(AYBIWFTD) TA®))
The covariance of products of Gaussian random variables is analytically
available BohrnstedtS G £ wT 60 YR FT2NJ Dt Qa 3I
6 (afw) a (6 (ew)a (w) a (W6 (ahw)a (®) 6 (afw)d (afw)
We choose to conveniently neglect other moments 12-12:2019




Product quadrature

Further derivations are tedious!!! But three types of integrals need to be

computed:

i (@ m)fi (& fn)Qo

Computational cost

Cfi (aho)fi (adh)Q'Q Mean 0 0 0

Variance 0 (0 0)

(el ) fi (& ) fi (W) e
Wherew andw are training points

A nonexhaustive list of possible kernel combinations is giveBrioyl et al
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Our choice of kernel

Productof one dimensional piecewise polynomials (1st order) with compact

support

i (o) | A@(p —le &)

A Brownian motiorprior (nonlinearities)
A Compact support
A Sparse
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Example

sin(z+1)+1

f2()

fi(x).fa(x + €), € = -12.566
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Example

sin(z+1)+1

fo(x)

fi(z) = |zl

4.5

0.5

fi(z).fa(x + €), € = -12.566
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Note on difference with BQ

A Bayesian quadrature
Choose next quadrature point to minimize variance on the estimated integral

A Our setting

Remove n quadrature points that minimize the variance increase on the
estimated integral
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Gaussian process pseuaputs

We use the fully independent training conditional approximatiorsioglson
and Ghahraman(2006) EITCusing classification @uinonereCandela et
al(2005))
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Gaussian process pseuaputs

We use the fully independent training conditional approximatiorsioglson
and Ghahraman(2006) EITCusing classification @uinonereCandela et
al(2005))

‘yl\ ‘yz\ Yn ‘Y\
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Gaussian process pseuaputs

We use the fully independent training conditional approximatiorsioglson
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Gaussian process pseuaputs

We use the fully independent training conditional approximatiorbimglsoran
Ghahraman(2006) FITCusing classification @uinonercCandela et al(2005))
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Gaussian process pseuaputs

We use the fully independent training conditional approximatiorsioglson
and Ghahraman(2006) EITCusing classification @uinonereCandela et
al(2005))
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Gaussian process pseuaputs

A Positions of pseudo input locations u are optimized to maximize the
marginal likelihood (details in the original work $gelsoran Ghahramani

(2006))
A Inference is possible by marginalizing out pseudo inputs u

A Exact test conditionglQuifionerecandela, Rasmussen, & Herbrich, 2005)

nCeo)

J

(b 0 Oh0.. 0. 0 0 .)

12-12-2019



20

-10

-20

150

100

50 -

Example: varying number of pseudo inputs

20 pseudainputs
fi(z) :'\/5 (sin (z —i— 1)+1)

AN

150 -

100

50 -

10 pseudanputs
fi(z) =z (sin(z+1)+1)

150 -

100

50 -

5 pseudanputs
fi(z) = v (sin(z +1) +1)

AWM

fo(z) = e®/10 (sin (z) + 1)
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Example: varying number of pseudo inputs

5 pseudaenputs 2 pseudenputs 1 pseudanput !
. fi(z) =+/x (sin(x + 1) + 1) } fi(z) =z (sin(z+1)+1) . fi(z) :,\/E (sin (z + 1)+1)
fa(x) = 1% (sin (z) + 1) fa(z) = &1 (sin (z) + 1) 5 fa(w) = €1 (sin (@) +1)
f f1 f2 $+6)d f f1 f2 x+e)da¢ | | f f1 f2 m+e)d
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Optimization

The goal is not to evaluate every point. We consider following optimization
problem:

A O C 0k @ (O e )& (Blco oo ﬁ;fym})
N 5]
Strategy (Bayesian optimization):
A Evaluate functions at points

A Put Gaussian process prior onaN s

A{SEtSO0 ySg t20F0A2Y gA0K KAITKSal ¢
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Numerical estimation vs optimization

AOC i‘o{\ B (G 165 )6 (Gl ofid sz)‘m})
N A
1 Learning g isvhat we cando
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Numerical estimation vs optimization

Aocial B (0o s )& (01> ohto s |2 })
N A
' 1 Learning g isvhat we cando

l, o Sample do acurately
M) |, A w estimatef?
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Numerical estimation vs optimization

Aocial B (0o s )& (01> ohto s |2 %
N A
' 1 Learning g isvhat we cando

1, o Sample do acurately
M) |, A w estimatef?
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Numerical estimation vs optimization

Aocial B (0o s )& (01> ohto s |2 %
N A
' 1 Learning g isvhat we cando

1, o Sample do acurately
M) |, A w estimatef?

1 !

Oroptimallyfind a"?
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The optimization puzzle (1)

The optimization puzzle Algorithm : fminsearch
Iteration : 2
Best value : 0.02
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The optimization puzzle (1)

The optimization puzzle Algorithm : fminsearch
Iteration : 2
Best value : 0.02
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The optimization puzzle (1)

The o tion puzzle Algorithm : particleswarm
Iteration : 2

Best value : 0.00
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The optimization puzzle (1)

The optimization puzzle

Belief about value
-200
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-200 0 200

Uncertainty about value
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The optimization puzzle (1) . =

The optimization pu

).fo(z + €), € = -12.566

.ﬁ filx).fa(x + €)dx

Belief about value

-200 0 200

Uncertai about value
-200 nty
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The optimization puzzle (1)

le Algorithm : BO (El+)
esation : 2
Best value : 0.29

The optimization pu

Belief about value

Uncertai about value
-200 2!

-100

0

100
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The optimization puzzle (1)

The optimization puzzle Algorithm : BO (El+)
Iteration : 2
s Belief about value Best value : 0.20

Uncertainty about value

-200
= l o
i 0.3
0
0.2
100 0.1 .
0 : 1 15 2

-200 0 200
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The optimization puzzle: Approximate puzzle piece

20 pseudainputs 30 pseudainputs 40 pseudeinputs
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The optimization puzzle: Approximate cost function

Cost
function

300

-300

Distance
optimum
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The optimization puzzle: Approximate cost function

Cost
function
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The optimization puzzle: Approximate cost fur

e

Cost
function

5 pseudaoinputs !

350 400 450 500 550 600 650 700

300 300

-300

Distance
optimum
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The optimization puzzle: Approximate cost fur

e

Cost
function

5 pseudaoinputs !

350 400 450 500 550 600 650 700 750
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Distance
optimum

Observation: Cost function becomes simpler/nicer !!! 12-12-2019 ||



The optimization puzzle: Approximate cost function

g Aproximate | Exact

100 pseudeanputs 30 pseudemputs

J"
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The optimization puzzle: Approximate cost function

Fail, optimum changes

Aproximate | Exact

Puzzle Piece

50 pseudanputs 15 pseudainputs
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The optimization puzzle: Approximate cost function

Puzzle Piece

50 pseudanputs 15 pseudainputs
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The optimization puzzle: Approximate cost function

Aproximate | Exact Probability of exact under aproximate
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Interesting partial results

Free VR demo if you visit

Antwerp
12-12-2019

*GP compressed (from 31 000 points) to only 50 psemgait points



