
Exploiting Structure in Bayesian Optimization 
using Multi-Fidelity Probabilistic Models

Boris Bogaerts, Rudi Penne



Overview

Å Application

Å Machinery

Å Theory

Å Examples

12-12-2019

2



Overview

Å Application

Å Machinery

Å Theory

Å Examples

12-12-2019

3



Practical problem
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Preliminary conclusion

Å Submodularorienteeringproblem(coveragefunction)

Å Multilinear extentioncanbeestimatedas an integralof the pointwise

product of two functions

Å Problem is factorized in a function dependent onthe constraints, and a

function dependent on the problem:  Ὂ ὼ᷿ὺύὺὨὺ

Å Functionsare complex
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General optimization idea

We are interestedin followingproblem

Ὣ᷿ὼȢὬὼὨὼ

But we do not have access to these possibly complex functions, so we will 
learn them

ὖὪᶻȿὼȟώȟὼᶻ ὥὲὨὖὪᶻὼȟώȟὼᶻ

We also learn the dependence on the parameters which we want to optimize

ὖὪzȿὼȟ— ȟώȟὼȟ—
ᶻ
ὥὲὨὖὪᶻ ὼȟ— ȟώȟὼȟ— ᶻ
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General optimization idea

The final optimization problem becomes

ÁÒÇÍÁØ
ȟ
Ὁ ὪᶻὼὪᶻὼὨὼ

Our optimization strategy: 

Å Learn both distributions in advance (Gaussian Processes)

Å In the optimization loop use optimized quadrature points to evaluate 
integral.

Å Effectively sample the parameter space using Bayesian Optimisation
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Gaussian Process
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Gaussiandistributionover RKHS Analyticexact expressionfor posterior 
after point measurements



Bayesian quadrature

Integration without close form expression
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Integration without close form expression
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Ὢ᷿ὼὨὼ ◐╚ ὑὢȟὼὨὼ

Bayesianquadrature

Ὢὼ Ễ Ὢὼ

ύ
ể
ύὪ᷿ὼὨὼ ύ Ὢὼ Ὢὼ

Trapezoidal rule



Product of Gaussian Processes

Let Èͯ Ὃὖά ὼȟὅ ὼȟὼ and Ὣͯ Ὃὖά ȟὅ ὼȟὼ then we are 

interested the distribution over ὪȢὫgiven by its mean:

ά ὼ ὉὬὼ ὉὫὼ ά ὼȢά ὼ

And covariance

ὅ ὼȟὼ ὅὪὼȢὫὼȟὪὼ Ὣὼ

The covariance of products of Gaussian random variables is analytically 

available  (BohrnstedtŜǘ ŀƭ ώтϐύ ŀƴŘ ŦƻǊ DtΩǎ ƎƛǾŜƴ ōȅΥ

ὅ ὼȟὼ ά ὼὅ ὼȟὼ ά ὼ ά ὼὅ ὼȟὼά ὼ ὅ ὼȟὼὅ ὼȟὼ

We choose to conveniently neglect other moments 12-12-2019
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Product quadrature

Further derivations are tedious!!! But three types of integrals need to be 

computed:

fi᷿ ὢ ȟὼfi ὢ ȟὼὨὼ

᷿᷿ fi ὼȟὼ fi ὼȟὼ ὨὼὨὼ

fi᷿ ὼȟὢ fi᷿ ὢ ȟὼ fi ὼȟὼ ὨὼὨὼ

Whereὢ andὢ are training points

A non-exhaustive list of possible kernel combinations is given by Briolet al [3].
12-12-2019
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Computational cost
Mean      :ὕὓὔ
Variance: ὕὓ ὔ



Our choice of kernel

Product of one dimensional piecewise polynomials (1st order) with compact 

support 

fi ὼȟὼ ÍÁØ—ȟρ —ȟὼ ὼ ȟπ

Å Brownian motionprior (nonlinearities)

Å Compact support

Å Sparse
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Example
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Note on difference with BQ

Å Bayesian quadrature

Choose next quadrature point to minimize variance on the estimated integral

Å Our setting

Remove n quadrature points that minimize the variance increase on the 
estimated integral
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Gaussian process pseudo-inputs

We use the fully independent training conditional approximation by Snelson
and Ghahramani(2006) (FITC, using classification of Quiñonero-Candela et 
al(2005))
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Gaussian process pseudo-inputs

We use the fully independent training conditional approximation by Snelson
and Ghahramani(2006) (FITC, using classification of Quiñonero-Candela et 
al(2005))

12-12-2019

23

ὓ ὔ



Gaussian process pseudo-inputs

We use the fully independent training conditional approximation by Snelsonan 
Ghahramani(2006) (FITC, using classification of Quiñonero-Candela et al(2005))

12-12-2019

24



Gaussian process pseudo-inputs

We use the fully independent training conditional approximation by Snelson
and Ghahramani(2006) (FITC, using classification of Quiñonero-Candela et 
al(2005))

12-12-2019

25



Gaussian process pseudo-inputs

Å Positions of pseudo input locations u are optimized to maximize the 

marginal likelihood (details in the original work by Snelsonan Ghahramani

(2006))

Å Inference is possible by marginalizing out pseudo inputs u

Å Exact test conditional (Quiñonero-candela, Rasmussen, & Herbrich, 2005)

ὴὪz◊ ﬞ ὑz ὑ ◊ȟὑzᶻ ὑz ὑ ὑᶻ
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Example: varying number of pseudo inputs
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20 pseudo-inputs 10 pseudo-inputs 5  pseudo-inputs



Example: varying number of pseudo inputs
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5  pseudo-inputs 2  pseudo-inputs 1  pseudo-input !!!



Optimization

The goal is not to evaluate every point. We consider following optimization 
problem:

ÁÒÇÍÁØ
ᴙɴ
Ὁ ὖὪᶻȿὼȟώȟὼᶻȢὖὪᶻὼ ɝȟώȟὼᶻὨὼ

Strategy (Bayesian optimization):

Å Evaluate functions at points ɝᶻ

Å Put Gaussian process prior on all ɝᶰᴙ

Å {ŜƭŜŎǘ ƴŜǿ ƭƻŎŀǘƛƻƴ ǿƛǘƘ ƘƛƎƘŜǎǘ ŜȄǇŜŎǘŜŘ ƛƳǇǊƻǾŜƳŜƴǘκΧ
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Numerical estimation vs optimization
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The optimization puzzle (1)
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The optimization puzzle (1)
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The optimization puzzle (1)
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The optimization puzzle (1)
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The optimization puzzle: Approximate puzzle piece
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20 pseudo-inputs 30 pseudo-inputs 40 pseudo-inputs



The optimization puzzle: Approximate cost function
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Exact 100 pseudo-inputs

Cost 
function

Distance 
optimum 0 <1        
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The optimization puzzle: Approximate cost function
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Exact 5 pseudo-inputs !!!

Cost 
function

Distance 
optimum 0 <1



The optimization puzzle: Approximate cost function
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Exact 5 pseudo-inputs !!!

Cost 
function

Distance 
optimum 0 <1

Observation: Cost function becomes simpler/nicer !!! 



The optimization puzzle: Approximate cost function
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Puzzle Piece

100 pseudo-inputs 30 pseudo-inputs



The optimization puzzle: Approximate cost function
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Puzzle Piece

50 pseudo-inputs 15 pseudo-inputs

Fail, optimum changes



The optimization puzzle: Approximate cost function
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The optimization puzzle: Approximate cost function
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Interesting partial results
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*GP compressed (from 31 000 points) to only 50 pseudo-input points

Free VR demo if you visit 
Antwerp


