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MOTIVATIONS

▶ Many real-world systems are inherently nonlinear, and effectively
modeling and extrapolating nonlinear dynamics with a robust
quantification of uncertainty is a challenging task

▶ Shallow physics-informed probabilistic approaches often extrapolate
effectively, but lack the representational power required to tackle
complex problems

▶ Deep probabilistic models have considerable representational power,
but work on incorporating physics-informed prior beliefs into such
models has been limited
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SUMMARY
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Figure: Exact GP, deep GP and deep LFM (our model) fits to a toy data problem. Grey, orange and red points
represent training data, interpolation and extrapolation test data respectively. The purple curves represent the
predictive means, and the shaded areas represent ±2σ.

▶ We present a novel, scalable and domain-agnostic probabilistic model
capable of modeling and extrapolating unknown dynamics
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GAUSSIAN PROCESSES

▶ Gaussian processes (GPs) are distributions over an infinite set of
functions, which we can use to perform regression tasks

y = f (x) + ϵ

where, f (x) ∼ GP(0, k(x, x′))
(1)

▶ Key component is the covariance, computed using a kernel function,
such as an exponentiated quadratic (EQ)

k
(
x, x′) = σ2exp

(
−∥x − x′∥2

2ℓ2

)
(2)

▶ Using Bayesian inference, we can arrive at closed form solutions for the
mean and variance of our predictive distribution
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LATENT FORCE MODELS

▶ LFMs, introduced by Álvarez et al. (2009), assume a system described by
a simplified mechanistic model governed by Q underlying ‘latent forces’

Dd{fd(t)} =

Q∑

q=1

uq(t) (3)

▶ We place zero-mean EQ GP priors over each of these latent forces

uq(t) ∼ GP
(
0, kq(t, t′)

)

kq(t, t′) = exp

(−(t − t′)2

ℓ2
q

) (4)
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LATENT FORCE MODELS (CONT.)

▶ Whilst we could choose any number of more complicated operators,
here we consider a simple 1st order ODE LFM

Dd {fd(t)} =
dfd(t)

dt
+ γdfd(t) =

Q∑

q=1

uq(t) (5)

▶ We can solve this for the outputs, and as this convolution is a linear
operation on a GP, the outputs can also be described by a GP

fd(t) =
∫ t

0
Gd(t − τ)u(τ)dτ (6)
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RANDOM FOURIER FEATURES FOR LFMS

▶ As with GPs, LFM inference scales poorly; Guarnizo & Álvarez (2018)
applied random Fourier feature expansions to form approximate
representations of the EQ kernels over the latent forces

▶ Specifically, the EQ kernel is expressed using Bochner’s theorem, and
the resulting integral approximated using S Monte Carlo samples

kq
(
τ, τ ′) = e

−
(τ−τ′)2

2ℓ2
q =

∫
p(λ)ej(τ−τ ′)λdλ

≈ 1
S

S∑

s=1

ejλτ e−jλτ ′

(7)

where λ ∼ p(λ) and p(λ) = N
(
λ | 0, 2

ℓ2
q

)
.
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RANDOM FOURIER FEATURES FOR LFMS (CONT.)

▶ By substituting this representation in place of the exact EQ kernel, we
can compute a fast approximation to the covariance between our outputs

kfd,f ′d

(
t, t′

)
=

Q∑

q=1

Sd,qSd′,q

∫
p(λ)vd (t, θd, λ) v∗

d′
(
t′, θd′ , λ

)
dλ (8)

where, vd (t, θd, λ) =
∫ t

0 Gd(t − τ)ejλτdτ .

▶ We can analytically compute vd, known as random Fourier response
features (RFRFs) using a Laplace transform, which in turn allows us to
compute the kernel
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RANDOM FOURIER FEATURES FOR DEEP GPS

▶ Deep GPs are a hierarchical combination of GPs, capable of learning
complex, non-linear interactions (with the caveat that exact inference is
intractable)

y = f (Nh)
(

f (Nh−1)
(
...f (0) (X)

))
+ ϵ (9)

▶ Cutajar et al. (2017) use weight-space view of GPs to describe a deep GP
where at each layer, the EQ kernel is approximated using a random
feature expansion.
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Figure: A Deep GP with random feature expansions. This architecture consists of layers of
weight-space GPs and effectively forms a Bayesian neural network which approximates a deep GP.
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DEEP LFMS - CONCEPTUAL OUTLINE
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(b) Deep latent force model (DLFM)

Figure: A conceptual explanation of how our proposed DLFM differs from a DGP. We perform the
operation L(ℓ){x, G} =

∫ x
0 G(ℓ)(x − τ)u(τ)dτ at each layer, where G is the Green’s function

corresponding to a first order ODE, and u(·) represents an exponentiated quadratic GP prior. For
example, the second operation in the model shown above would take the form,

L(2){f1, G} =
∫ f1

0 G(2)(f1 − τ)u(τ)dτ .
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DEEP LFMS - ODE-BASED FEATURES

▶ As discussed, we can compute our 1st order ODE RFRFs using a Laplace
transform, obtaining (with a change in notation from v to ϕ):

ϕ(t, γ, ωs) =
ejωst − e−γt

γ + jωs

where, ωs ∼ N
(
ω | 0, 2/ℓ2

) (10)

▶ We use these to construct our random feature matrix. For a single
data-point:

ϕc
q (t, γ, ωq) =

√
S2

q/NRF [ϕ (t, γ, ωq,1) , · · · , ϕ (t, γ, ωq,NRF)]
⊤ ∈ CNRF×1

where, ωq = {ωq,s}NRF
s=1

(11)

▶ As ϕc
q is complex, we concatenate its real and imaginary components

into a single vector ϕq(t, γ, ωq) ∈ R2NRF×1
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DEEP LFMS - DETAILED OUTLINE
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(a) Deep Gaussian process (DGP)
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(b) Deep latent force model (DLFM)

Figure: A diagrammatic comparison of the work of Cutajar et al. (2017) and our work. At each
layer of the DLFM, for each input dimension, NRF random features of the form shown in (10) are
computed for each of the Q latent forces. The random feature vector ϕ(ℓ)

LFM is then formed by taking
the sum of these features across the input dimensions.
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DEEP LFMS - INFERENCE AND SCALABILITY

▶ Now that we can compute these features, we are able to propagate
inputs through the deep LFM, and as with deep GPs, training can be
implemented using stochastic variational inference

▶ Our inference scheme uses mini-batching, therefore is scalable with
respect to the number of observations

▶ We can form an arbitrarily deep architecture using the layers we have
defined here, although there are well known diminishing returns with
respect to depth in DGP-based models
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PHYSIONET MODEL COMPARISON
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Figure: Predictions generated on the multi-output CHARIS dataset (within the PhysioNet
database) from a DLFM with one latent force (in the left-hand column), and a DGP with an
exponentiated quadratic kernel (in the right-hand column). Both models were trained on the data
lying between t = 0 and t = 0.7. The shaded grey areas in each plot represent ±2σ.
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DISCUSSION

▶ The deep model architecture allows us to model nonlinear dynamics
using features derived from a linear 1st order ODE

▶ Despite the explicit physics-informed prior beliefs encoded within the
model, the DLFM retains the generality of the DGP, obtaining
comparable performance on tabular UCI regression problems
(McDonald & Álvarez, 2021)

▶ We have considered a very simple form for the ODE-based features;
should we wish to incorporate different inductive biases, we can replace
them with random features derived from another ODE/PDE
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POTENTIAL APPLICATIONS

▶ DLFMs have a broad scope for application, with the kernel choice
playing a key role in the suitability of the model to a given problem

▶ Examples explored in the context of regular LFMs include:

▶ Using 1st order ODE kernels to model the transcription of genes

▶ Using 2nd order ODE kernels to model human movements with the aid of
motion capture data

▶ Using PDE kernels to model diffusion over time over a spatial domain (the
quantity of interest could be heat, air pollutants, heavy metals in soil etc.)
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POTENTIAL APPLICATIONS (CONT.)

▶ An interesting extension to the DLFM would be leveraging ideas from
prior work by Álvarez et al. (2010) on switched LFMs capable of
determining robot motor primitives by modeling discontinuities (figure
below is from this work)
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CONCLUSION

▶ The deep latent force model represents a novel approach to Bayesian deep
learning using physics-informed random Fourier features derived from
differential equations

▶ Our approach is capable of capturing and extrapolating behaviour in
multi-output nonlinear dynamical systems whilst also providing
uncertainty quantification

▶ The general form of the deep, convolved GP-based model we present is
extensible to other kernels and inference schemes
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Thanks for listening, feel free to grab me for a chat afterwards
or drop me an email with any questions at:

thomas.mcdonald-2@postgrad.manchester.ac.uk

thomas.mcdonald-2@postgrad.manchester.ac.uk
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